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FREQUENCY AND BUCKLING EIGENVALUES OF
ANISOTROPIC CYLINDERS SUBJECTED TO

NONUNIFORM LATERAL PRESTRESS

JOSEPH PADOVANt

Mechanical Engineering, University of Akron, 302 E Buchtel Avenue, Akron, Ohio 44304

Abstract-Solutions are developed herein for the evaluation of frequency and stability eigenvalues of macro­
scopically fully anisotropic circular cylindrical shells subjected to nonuniform lateral prestress, Included in the
analysis is the presence of torsional prestress, The results obtained are applicable to any type of prestress which
satisfy Dirichlet's conditions for Fourier series. Furthermore, in the manner of Kalnins [3], using the procedure
outlined herein, similar results could be obtained for general anisotropic shells of revolution,

INTRODUCTION

IN RECENT years with the increased usage of composite materials in structures, an under­
standing of the effects of anisotropy on shell characteristics is of increased importance.
In this respect, although recent analyses [1-4] have been made on the lateral stability of
cylindrical [1,2,4] and general shells of revolution [3], to date, these have been restricted
solely to orthotropic constitutive equations. This paper develops solutions for obtaining
the stability and frequency eigenvalues of macroscopically anisotropic circular cylindrical
shells subjected to nonuniform lateral prestress. The results obtained are applicable to any
type ofprestress which can be expanded in Fourier series. To extend the scope ofthe present
analysis, torsional and "moderate" axial prestresses are also included in the development.
As the solutions derived herein are general, setting the anisotropic elastic compliances to
zero yields the results of previous investigators [1, 2,4] as special cases.

SHELL GEOMETRY

The position of a point of a circular cylindrical shell is given by (J the circumferential
distance, x the axial distance and z the coordinate normal to the middle surface. For the
present study, R is the radius of the cylinder measured from the axis of rotation to the
middle surface and L is the length of the shelL The displacement of the middle surface in the
circumferential, axial and outward radial directions are denoted by u, v and w respectively.

EQUATIONS

The present analysis is based on Flugge [5] shell theory with Hoppmann [6, 7] type
anisotropic constitutive relations being used to derive the shell stability equations of
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motion. For completeness the shell constitutive relations are given by
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where (0) and (I) superscripts denote inplane and bending shell properties. The terms
I:~O,I), 8~O,l), ... are the integrated shell strains defined by

I:~O,I) = (
1t

J'2'!I";2 l:x(LZ)(~-t-:)' dz
> 1t",2.1l,'2 ,R ,

1
.(0,1) _
'xO -

(2\

with 8x , .. , being the usual Flugge [5J shell strains, and hp , hb being the effective inplane and
bending shell thicknesses. Using equations (1) the shell stability equations of motions arc

G1u,xx +aZu,lIx +a3 u,lI11 +a4 v,xx +asv.IJx +a6 v,1I1I +a7 w,x +asw.IJ +a9 w,IIOx +alOw.xxO

+allw,xxx+a12W,OIlO,-pRzhu,tt = Ldu,v,w,.,.,x,O,t) = 0

blu,xx +bzu,IJo+ b3 u,xo +b4 v,xx +bsv,oll +b6 v,xo +b7 w,xxx +bsw.llllo +b9w.xOO + bl OW,xxl!

+bllw,x+b12w,lI-pR2hV,tt = L 2(u,v, ... ,x,fI,t) = 0

(3a)

(3bl

(3e)

where h is the effective shell thickness associated with the inertia terms, with ([I' ([z, , , .•

all' bl , bz " . , , b12 and CI , Cz , C3,· .. , Czo defined in Appendix 1. The membrane prestresses
Pa (axial), Pr (lateral) and r (torque) cnter equations (3a}-(3c) through the definitions given
fora;,b;,c/;i= 1,2" .. ,12,1= 1,2.3..... 20.

SOLUTION

In physical situations where the lateral pressure Pr is not uniform, equations (3) arc
partials with variable coefficients. For this case the usual Fourier decomposition [8, 9J in 0
and exponential substitutions [IOJ in x are not directly applicable. In the early 1960's
Almroth [I Jobtained an approximate solution for the case of buckling of isotropic cylinders
due to nonuniform lateral pressure loads. Using the Rayleigh-Ritz procedure he expanded
the displacement components in trigonometric series and obtained a solution for freely
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supported cylindrical shells with loadings of the type

(4)

An alternate solution procedure was used by Hoff [2], Kempner et al. [II J, Kalnins [3J
and Samuelson [4J for their respective studies. This method consists of expanding the
displacement components into Fourier cosine and sine series. These infinite series are
substituted into the governing differential equations. The resulting Cf) set ofequations is then
truncated and solved for the required information. The preceding method of solution is
not directly applicable since the typical solution characterized by the usual Fourier
decomposition procedure cannot satisfy the present governing differential equations.
This is due to the presence of the anisotropic compliances (E\°:i1), E~°:il») and torque prestress
T. For anisotropic cylinders with uniform prestresses, equations (3aH3c) can be reduced
to one of the canonical forms with the aid of appropriate transformations. Although such
transformations exist, the associated change in the domain of definition distorts the
bounding surfaces of the cylinder. Therefore to circumvent these difficulties, the procedure
discussed by Padovan [12J will be used to construct a solution.

To simplify the present discussion Pr(x, 0) is expanded in Fourier series, i.e.

OC;

Pr(e) = L [(/x) cos yO+ ry(x) sin ye]
y=O

(5)

where convergence is assured for loadings which satisfy Dirichlet's conditions. Now
applying the usual finite Fourier exponential transform to equations (3), assuming that
f L -. If, we have

2 (. Ll(u, v, w, , x, e, t))
fa n: L2(u,v,w, ,x,e,t) e-jMOdO-.

L3(u, v, W, •.• , x, 0, t)

a l T{u,xJ +a2T{u,oJ +RE~Oj[k+kpJT{u,oo} +a4 T{v.xx }

+ as T {v,ox} +a6 T {v,oo} + RE\OdkT{w,x} +ag T {w,o}

+agT{w,oox} +alOT{w,oxJ +all T{w.xxxl
OC;

+al2T{w.ooo}-pR2hT{u,tt}-.foR L [T{qx)(u,oo-w,x)cosye}
y=O

+ T{ry(x)(u.oo-w,x) sin ye}] = Ll(uc,us, ... ,x,M,t) = O.

bj T{u,xx} +b1 T{u,oo} +b3 T{u,oJ +b4 T{v,xxl

+ RkE~OdT{v.oo} +b6 T{ v,ox} +b7 T{ w,xxx} +bg T{ w,ooo}

+bgT{w,oox} +blOT{w,oxJ +bll T{w,x} + [RE~Od(k+kp)

OC;

- E~ldkb] T {w,o} - pR2hT{v,tt} - PoR L [T{(y(x)(v,oo + w,o) cos yO}
y=O

+T{ry(x)(v.oo +w,o)siny8}] = L2(uc,us, .. "x,M,t) = O.

(6a)

(6b)
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C1 T{u,xxx} +C2 T{u,ooo} +C3 T{u,Oxx} +c4 T{u,ooxJ

+ RE\OdkT{U,X} + C6T {LiOJ+ ('0 T( U XXX J -+ cxT: D eex )

+ ('9 T{ v,xxoJ + ('10 T{ v,x} + RE~OlT{v,o: r ('12 T{w xxxx }

+(' 13 T {tII,oooo} + ('14 T {w,OOxx) +CIS J't W,OOOx] + ('16 T{ W,Oxxx}

+C 17 T{w,xJ +(RE~Odkp+ E~ldkb)T{WOO} + ('19T{ WOX }

+ C20T {W} + pR 2hT{W,rt} + PoR I [T {(y(X)(U,x- Vo + woo) cos yl11
=0

+T{r,(x)(u,x-V,o+W,oo)sini'O}] = L 3 (ue ,u"."x,M,t) = O.

wherej = J( -1) and T{u}, ... denote

(6cl

T{u} uc(x,M, t)-jusfx, M,t)

T{u.o} M[u,(x, M, t)+juc(x, M, t)J

T {u. oo } M 2
[ - uAx, M, t) +ju,(x, M, t)J

T{ u cos yO} .-. Huc(x, M - y, t) + uc(x. M + I'. t) -j(u,(x, M - y, t) +u,(x, M + y, t))J (7aJ

with uc(x, M ±y, t), us(X' M ±y, t), ... being finite cosine and sine transforms of u(x, 0, t),

vex, 8, t) and w(x, 8, t) respectively. The functional dependence of uc(x, M ±)', tl, ... with
respect to M and y is given by:

(

' uc(x, M ±y, tl, usfx, M ±y, t) ')

vAx, M ±y, t), vs(X' M ±y, t)

wJx, M ±y, t), w,(x, M ±y, t),

21r ' u(x, 8. t) .

~ Ie (,,(X,8,,)) Icos (M±y)8, sin (M ±y)8) dO.

w(x, 8, tl.

(7b)

In the manner of Padovan [12], as the real and imaginary parts ofthe exponential transform
form linearly independent basis spaces, equations (7a) reduce to

T{u} [uc(x, M, t), us(x, M, tlJ

T{u.o} M[us(x, M, t), uc(x, M, t)]

T{u. oo } M 2
[ -uJx, M, t), u,(x, M, t)]

T {u cos y8} i[uclX, M - y, t)+ uc(x, M + y, t), - us(x, M - y, t) - usfx, M + I"~ t)] (7c)

With the new definitions of (7c), equations (6aH6c) constitute two coupled infinite sets
of ordinary differential equations, both sets having as dependent variables uc(x, M, t),
uc(x, M ±y, t), uix, M, t), uix, M ±Y, t), ... , ws(x, M ±y, t). Setting the elastic compliances
E\03 1)and E~031) to zero reduces equations (6l into two independent subsets with dependent
variables uc(x, M, t), ucCx, M ±Y, t), vix, M, t), v,(x, M ±y, t), Wc(x, M, tl, Wc(x, M ±y, t) and
us(x, M, t), ... , Ws(x, M ± y, tl, respectively. These resultant equations are applicable to the
usual orthotropic and isotropic cases.
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To obtain the required frequency eigenvalue relations from equations (6), we assume
as usual that

{u(x, e, t), V(X, e, t), w(x, e, t)} ex: {U(x, e), V(x, e), W(x, en ejrot
. (8)

Substituting (8) into (6) yields the frequency relations. The general solution of these relations
for the stability criteria and frequency eigenvalues of anisotropic cylinders under arbitrary
Pr(x, e) and boundary conditions presents a large scale numerical problem. For the present
investigations two special cases are considered in detail. Before discussing these, it is noted
that recently Kalnins [3J developed a plausible numerical solution and resultant computer
program for linear stability problems in orthotropic shells of revolution. Included in his [3J
analysis was the capability of analyzing lateral bucking due to nonuniform prestresses.
Using the procedure outlined herein, Kalnins [3J results can be directly extended to
anisotropic shells of revolution.

ORTHOTROPIC AND ANISOTROPIC CYLINDERS
WITH ARBITRARY BOUNDARY CONDITIONS

A formal solution to equations (6aH6c) for arbitrary boundary conditions can be
developed for the special class of functions Pr(e). For this case it is noted that as usual

(Uix, M), Us(x, M), ...) ex: (rUM), DiM), ...)eAX (9)

(10)

where here /1, is an unknown. Using such a solution form, the frequency and buckling
eigenvalues may be obtained in a manner similar to that used by Forsberg [10]. For the
present equations, substituting (9) into (6) yields an 00 matrix equation of the form

{~ A 4 _ i/1,i}tIt = D(/1,)tIt = 0

where Ai(po, w, ...) i = 0, 1, ... ,4 are infinite matrices and the transpose of tit is given by

(11)

In its present form, since Ao is singular, the pencil ofequation (10) is an irregular polynomial
matrix. Noting that A 4 is nonsingular, D(/1,) can be transformed into a regular polynomial
matrix. This is done through the transformation

(12)

where here it is assumed that /1, # O. Thus we have that

(13)

where

(14)

To obtain a solution to (13), Ai; i = 0, 1, ... ,4 are truncated to finite size. Even in its
truncated form a direct solution to (13) is quite difficult. To alleviate this situation, a basic
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property of polynomial matrices will be used. That is, since the pencil 0(110) is a regular
polynomial matrix, then equation (13) implies and is implied by the partitioned matrix
equation

r( ~
0 0

~')
0 0 "i . 0 l

0 A4 0 -,14 ~~4J

;,,13 A+L;, A4 A3 A2 -04 4 -.04 3 -A,
i

A A2 At! i 0 0 03

or more simply

(ROA+ R 1 lp = o.
Since A4 is nonsingular. (16) can be written as

iRo IR j + [lJA}p = o.

",1-1 ,

",(2)

"'i I)

~I

=0 (l5)

(161

Equation (17) denotes the typically occuring linear eigenvalue problem.
To implement the procedure discussed by Forsberg [1OJ the transformed boundary

conditions at x = 0, L are required. In general, the shell h.c. at x 0, L are given by

(J~())+kxu = °

(lJ +~( (1) + (1) )+k ) -- 0(Jx,x R (JOx,1I (JxO.llzY\--

(18)

where here k x ' k ll , k z and k XIJ denote spring constants at the shell edges. Applying the trans,
form discussed earlier we have

(J~~)+kxUc = 0
s 5;

I (1) / _
-(Jcxo+klJ~c - 0R s s

(1) +."'!( (1) + (1» k lA! - 0
(Jcx,x_ R (JslJx (JsxlJ + zYYc -
sec "

(19)

In the manner of Forsberg [1OJ, the A of (17) may be obtained for assumed values of (I)

and/or Po. These are used to construct Uc(x, M), V,(x, M), ... , i.e,
,

Uc(x, M) = L Uc(M) eX/Ai
s i 1 s

,

v,,(X, M) = L ~(M) eX/Ai
s i 1 s

1¥c(x, M) = L 1¥c(M) e*i
s i 1 s

(20)
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where ( is dependent on the truncated size of (13). From this point, the usual procedure
follows [10].

In general, the matrix Ro1R 1 is unbanded and non-Hermitian. For the special case of
loadings of the form

Py < 1, ~ « 1

Ro1R 1 is well conditioned since the diagonal band, consisting of y = 0 terms, is dominant.
Furthermore it can be shown that the terms corresponding to the critical buckling mode
of the uniform case are predominant. Therefore the A and Po associated with the uniform
case can be used as starting values of the iteration procedure.

As the magnitude of ~ in equation (21) increases, the importance ofthe terms associated
with y > 0 is amplified. The resultant effect is an increase in the size of Ro1R 1 required for
adequate convergence. This is particularly true for slowly convergent Fourier series
representing Pr(8).

For the special case ofuniform external pressure, (10) reduces to a finite matrix equation,
in which, t/J is given by

t/J' = (Dc, r;:, ~, Ds, ~, J¥.). (22)

The form ofequation (10) can be further simplified by observing that making the appropriate
additions and subtractions we have

where

4 [( (i) ) ]
Au.J ) 0 i.2: ii) A </J = D(),)</J = 0

1=0 0 AU + 3 .J + 3 )

(23)

(24)

and (AWJ)' AW+3,J+3); I, J = 1,2,3; i = 0,1, ... ,4) are complex third order square
matrices.

Due to the form of the pencil of(23) it is clearly seen that

det{D(Je)} -.

{
4 }(i) i

det i~O [Au.J)JA = 0

{
4 }(i) i

det i~0[Au+3,J+3)]). =0.

Expanding equations (25) yields the required relations for A, that is

(25a)

(25b)

(26)

where (D i , i = 1,2, ... ,9) are real quantities. Setting the anisotropic elastic compliances
£\°3 1

) to zero, reduces (26) to its usual form for orthotropic and isotropic cylinders, that is,

4

" [D '8-2;J 0L. 2i+1 A =.
i=O

(27)
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As (26) is complex, Acan take on the following values

i'i = [+ i' Ri +ji'IJ, - [+ i'R, +j)'liJ W, I

where i'Ri and i'Ii are the real and imaginary parts of I,. With these values of I"~ equations (20j
can easily be constructed and the usual procedure of evaluating the buckling and frequency
eigenvalues follows.

FINITE FREELY SUPPORTED ORTHOTROPIC
AND INFINITE ANISOTROPIC CYLINDERS

For finite freely supported orthotropic and infinite anisotropic cylinders a formal
solution can be obtained for even or odd Pr(O). This is achieved by applying the following
Fourier transformation to equations (3aH3c) i.e.

. rF1(X, e, 13, M) 0 0 l rLdU, ... , llj
fL."" f" 0 F2(x, e, fJ, M) 0 L 2(u . ...• tl

o. x 0 ° () F.1(x. O. fJ, M)J L.1(u, . . , , tl

a1 fJ2[U cc(fJ, M), Uss(fJ,M)]+a2fJM[Uss(fJ, M), Ucc(fJ, M)]

+RE33 [k+k p]M2[- UcifJ, M), U,,(fJ, M)] + .,

a12M 3[vv.c(fJ, M), vv.,s(fJ, M)J +pR 2h(j)2[Ucc(f3, M), Uss(fJ, M)] ... = 0

where

F\(x, 0, fJ, M) = (cos MO cOs fJx, sin MO sin fJx)

F2(x, 0, fJ, M) = (sin Me sin fJx, cos Me cos fJx)

F,(x, e, fJ, M) = (cos Me sin Ih. sin Me cos l>x)

dO dx ->

(29)

with the first and second subscripts of u, v and w denoting the x and e transform types,
respectively. From the nature of the x-transform, equations (29) apply to both finite freely
supported orthotropic and 00 anisotropic cylinders, where fJ is treated either as a discreet
(N1T./L, N = 0, 1,2, ...) or continuous variable, respectively.

With the successive applications of these transforms, the shell displacement stability
equations have been mapped into an infinite set oflinear algebraic equations. To obtain the
required equations for the case of uniform external pressures, (y and r yare set to zero for all
y > O. This yields

(30)

where [H(l.J)] and [H(l,J)J are defined in Appendix 2, [I] is the usual identity matrix and the
transpose of t/J is given by

In matrix form equations (29) are written as

[SJ.v = 0

(31)

(32)
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where the 00 matrix pencil [3] and the transpose of its associated latent vector are

"" = {(U cc(f3, 0), ... , ~s(p, 0)), ... , (Ucc(P, k)",., ~s(P, k)), ... } (34)

with AU,]) and n being defined in Appendix 3.
The question of convergence of equations (32) to the required solution cannot be

answered in general for arbitrary functions Pr(O). For this reason a criterion will be given
from which convergence can be ascertained for a particular given Pr(O). From the previous
discussion it is easily seen that the problem of convergence of the infinite set (32) reduces to
the requirements for the convergence of an infinite determinant. To assure convergence of
the det. [3] a sufficient condition is the absolute convergence of the infinite series

00 00

L L lY.ij < 00
i= 1 j= 1

(35)

where lY.ij are the elements of [3]. Although this criterion is over restrictive, it is adequate
for the present analysis. From the nature of (35) it is noted that point-wise equivalence
throughout the whole domain of 0 is not required of equation (5) for convergence of Po
to significant decimal accuracy.

Since equation (32) has an infinite pencil, in order to obtain a solution, [3] is truncated
to finite size. From the form of [3] it is clearly seen that the truncated matrix [AU,])] is
nonsingular, thus the usual stability and frequency eigenvalue problems can easily be
obtained. These are given by

(36)

and

(37)

where [Hu.])r 1 is

(38)

o

For orthotropic cylinders the foregoing solution can be extended to include loadings of
the form Pr(x, 0), such that

(39)
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Under such loadings, (29) remains the same with the exception that terms associated with
Prix, 8) are transformed as

J
1.J21< anx J" [( )J2 (" \o ° u.xxcosL--cosy8cospxcosM8d8dx-+ t- "p+~ Vee p+aZ·M+Y)

where the functional dependence of Vcc(fJ+rx,M+}')"". with respect to {J,M.c!. and ')' is
given by

(41)

Since for the orthotropic case, Eio3,ll = 0, equations (29) uncouple and therefore only the
23

first set consisting of dependent variables V Ct" v"s and vv.e need be solved.

DISCUSSION AND NUMERICAL EXAMPLES

With the aid of the exponential Fourier transform, solutions to nonuniformly prestressed
macroscopically anisotropic cylinders have been developed herein. As mentioned earlier,
the procedure outlined by equations (6) and (7) can, in a straight manner, be applied to
general shells of revolution to evaluate buckling and frequency eigenvalues. Furthermore
the solutions can also be extended to incorporate circumferential variations in shell
geometry and material properties.

Using polynomial matrices in conjunction with Forsberg's method, an "exact" solution
has been developed for the special case of anisotropic cylinders with lateral prestresses
ofthe form Pr(0). For such loadings, the solution is general, as all categories ofshell boundary
conditions can be handled.

In general aU the solutions developed herein have reduced to linear eigenvalue problems
of unbanded non-Hermitian matrices. Compared to the Hermitian case, the calculation of
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the eigenvalues of non-Hermitian matrices is less understood. A vital aspect of the calcula­
tion is the stability with respect to the growth of roundoff errors. For the present study the
pencils of the matrix equations are reduced to Hessenberg form. The eigenvalues of these
reduced matrices are subsequently obtained through the use of the numerically stable QR
transformation [15].

As an initial numerical example, the stability offreely supported cylinders with loadings
of the form Pr(8) = Po(l +[; cos y8) are studied in detail. Figures 1-3 show the effects on
the shell stability of independently varying L/R, [; and y. As expected, the allowable Po
decreases monotonically with [; and/or L/R. Furthermore from Fig. 3 it is clearly seen that
for loadings of the type described above, the y = 1 case causes the greatest effects on the
allowable Po.

Recently Kalnins [3J noted that even though a nonsymmetric prestress may have to be
expanded in a Fourier series with many terms, the components which affect the stability
of the whole will be those with wave numbers y = 0 and y = 1. This statement must be
qualified in the sense that it is true only for rapidly convergent series whose y = 0, 1 terms
predominant. For example Fig. 3 clearly shows that the effects of the y > 1 terms can be
significant. A further example is the stability of a freely supported cylinder with a band of
uniform lateral pressure defined by

{
Po ,181< ~

P,(8) =
0, ~ s 8 s 1r; - ~ ~ 8 ~ - 1r.

For ~ > 1 the y = 0 term is predominant. As ~ --+ 0 the importance of the higher order
series terms increase as clearly demonstrated in Fig. 4.

R"IO in.

hp =hb =0-04 in.

EJ.~,I~EfJ

Ell " 33·0X 10'psi
E 12 " 9·9XI0'pSi

£13 = 0

£22 " 33·QXI06 psi

E23 "0
£33 = 11- 55XI06pSi

Y " 1
10 '------~0;:;';.5.-----L---;1.l;;.0---------l

FIG. 1. Buckling eigenvalues for various L/R ratios.
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If' ~ 10 in

lip:: hI) =0-04 in.

[,. ;:; 33·QX106 psi

E "9 9XI06 psi

E!~; £2S'0

£2.2;:; 33·0Xld' psi

E33 = 1!-55XI06 psi

Ei~,l):: E1. Y" 1

FIG. 1. Effects of E on the buckling eigenvalue spectrum.

Examples of the effects of nonuniform lateral pressure on the frequency spectrum of
freely supported cylinders are shown in Figs. 5 and 6. Here the lowest frequency branch
decreases monotonically with 8 and/or L/R. Extending the abcissa in Fig. 5 yields the
critical value of Po. Furthermore setting D'" 0 yields the frequency eigenvalues of the
uniform case. Figures 7 and 8 show the effects ofanisotropy on the frequency spectrum ofan

15r----==========:::;:------'------

20

e :;:0,5

10
'"C>

Q
x
r:.::

05

RIL ·40

R·IOin

lip • lib '004 in

£;3, 11
J: €lJ

Ell =33XI0 6 psi
£" '99XI 06 psi

£" • 0
£ 72 33X 106psi

£23 0
£,-, 'II 55X 106psi

y

FIG. 3. Buckling eigenvalues for several LJR ratios and values of I:.
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<l

3

2

R= 25 in.

hp = h. =004In.

Ei~'l:l EIJ
Ell =33·0XIO·ps;

E'2 = 9'9XIO·ps;
£13 =0
E22 = 3·3XI06P'i
E23 = a
E33 =1I'55X106 psi

Po. psi

FIG. 4. Buckling eigenvalues ofa cylinder with a band of lateral prestress in the axial direction.

160~-=============:=:==- _

120F===========__-----

'""u

~ aot::=======:::::::=::::::====----.
'":>g

..:::

P -0733 16'lb-sec'Y in4

R- 250ln, i, -35·0In

1;:: /'Jp '111,,:: 0,04410

£11 :: E22 :: 33,Oxl06 psi

£'2 - 9·9 10·ps;
£;3:; £'23 :: 0

E,,- 11·55.10·ps;
4~lI)ErJ fll - 1'0 psi

15 20

..
FIG. 5. Frequency eigenvalues for various values of s.
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£ = ~13XtO""PSi

I 99XI06 psi

F.,
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FIG. 7. Effects of £[ 3/£23 on the lowest eigenvalue branch of an infinite cylinder.
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FIG. 8. Effects of £23/£13 on the lowest eigenvalue branch of an infinite cylinder.

infinite cylinder. As is clearly seen, the introduction of anisotropy doubles the number of
frequency branches for each value of M. From Fig. 7 it is seen that changes in the magnitude
of E13 have lessening influence on the frequency as M increases.
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al = RE~Olk~Pa

a2 2[RkE~Ol- T]
a3 R[E~Oj(k+kp)-Pr]

a4 = R£ltj[k+kp]
a5 Rk[E~Od +E~on

a6 = RkEiO]
a7 R[E\Odk +PrJ
as REiO][k+kpJ
a9 RE~Olkp

a10 - RE\O]kp

all = -RE~oikp

a12 REiO]k p

('I -EWkh

c2 E(nkb

c3 -EWkh
('4 E~l]kb

('5 R[E\Odk + P',J
C6 REi~~[k+ kpJ
C7 -2EWkb

C8 - 2Ei1]kb

C9 -3EWkb -EWkh
C IO REi~ik-2T

JOSEPH PADOVA~

APPENDIX I

k = hp

R' k = .L(hp
.) 3

p !2 R '

APPENDIX 2

I,J = 1,2,3, ...
H(l J) = f32a +M2RE(0)[k+k '1, . I 33 ~

H(l,J+l) = -f3Mas
H(l, J +2) = -f3RE~odk+ f3M 2a9+ f33all

H(I,J+3) = -f3Ma2
H(I,J+4) = f32 a4 +M2a6

H(I,J+5) = Ma8+f32MalO+M3aI2
H(I +1, J) = f3Mb J

H(I+1,J+1) = f3 2b4+M2RkEiod
H(I+1,J+2) = -M3bg--f32MblO+M[REkol(k+kp)-EWkhJ
H(l + 1, J + 3) = /J2 bt + M 2b2

H(I+I,J+4) = -fJMb6

H(l+1,J+5) = f33b7-f3M2b9+f3bll
H(I+2,J) = fJ3 C1 +f3M2c4-f3RE~odk

H(l+2,J+l) = f32Mc9+MRkEiol
H(l +2,J+2) = f34C12 + M 4c13 +M2f32 c14 - f32 C17 +('20-fl"J2[RE~odkp+EWkbJ

H(I+2,J+3) = M 3c2 f32Mc 3 +Mc6
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H(l+2,J+4) = f33c7+{3MZCg-f3c1O
H(l+2,J+5) = f3M3ClS-f3MC19+f33MCt6

H(l + 3, J) = f3Maz
H(l +3, J + 1) = f32 a4 +M2a6

H(l+3,J+2) = Mag-[f32Mato+M3al1]
H(l + 3, J + 3) = (3la t + M2RE~Oj[k + kp]
H(I+3,J+4) = -f3Mas
H(l + 3, J + 5) f3RE\Odk- f3M Zag_f33all

H(l +4, J) = f3 l bt +Mzbl
H(l +4, J + 1) = f3Mb6
H(I+4,J+2) = f33b7+f3M2bg-f3bll
H(l +4, J + 3) = - f3Mb3
H(l +4, J +4) = f32b4+M 2RkE~oi

H(l +4, J + 5) M 3bg + f3 zMb to -M[RE~Oi(k+kp)-EWkb]
H(I+5,J) = M3C2+f32Mc3-Mc6

H(l + 5, J + 1) = - f33 C7 - f3M Zcg + f3c tO
H(l+5,J+2) = f3M3Cts+f33Mct6-f3Mctg
H(l + 5, J + 3) = - f33 Ct - f3M2c4+ f3RE\Oik
H(l +5, J +4) = f31Mc9 -MR£lzolk
H(l +5, J +5) = f34Cl1 + M4C13 + f3ZM1Ct4 _f32C17 +C10 - M2[RE~Olkp + EWkb]

{
i = 0 1 2 oJ" = 3 4 5

H(l + i, J +j) = 0 0 _ ' , : 0 _ ' '.

L - 3,4,5,J - 0,1,2

H(l,J) -M2R H(l+3,J+3) = -M2R
H(I,J+1) = 0 H(I+3,J+4) 0
H(l,J+2) -f3R H(I+3,J+5) = (3R
H(l+1,J) 0 H(l+4,J+3) = 0

H(l + 1, J + 1) = MlR H(l +4, J +4) = -M2R
H(l + 1, J +2) = - MR H(l +4, J + 5) = MR

H(l +2, J) -f3R H(l +5, J +3) f3R
H(l+2,J+1) -MR H(I+5,J+4) = MR
H(l+2,J+2) = -M2R H(I+5,J+5) = -M2Ro

APPENDIX 3

[A(l, J)]'!t =
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R"- x
A2 =2 L: L: {-(M-yfv,s(P,M-yj-(M+y)2V,,(p,M+y)

M 0 )'=1

-(M -Y)~AP,M -y)-(M +}')~AP,M+y)}(y.

R x

A3 =2 M~O Y~l {- PUcc(P, M -y)- PUcc(P, M +y)-(M y)V,s(fi, M -y)

-(M -y)V,s(P, M +y)-(M -y)2~AP,M -y)

-(M +y)2~iP,M +Y)}(y

R "
A4 = '2 ,1:0 )'~l {-(M -y)2{/"Ui, M -y)-(M+}')2Uss(P, M+y)+ ~s(P, M y)

+ [f ~s(P, M + :~)gy

R '
As = '2 L: L: {-(M -y)2~c({i,M -y)-(M +y)2~c<p,M +y)

M=O y 1

+(M -}')~s(P,M -y)+(M +y)~,(p,M +Y)}(y

+(M +y)~AP,M +y)-(M _y)2~s(P,M -y)

-(M +y)2~s(P,M +Y))(,

Q = _ ph(J)2 R2.

(Received 3 December 1970; rel'I;,ed 19 March 1971)

A6cTpaKT-)],aIOI>ClI peweHlIlI ,L\flll Onpe,LlefleHlIlI cooCTBeHHl>lX 'ma'feHHil 'faCTOT!>! H YCToil'lHBOCTH MUKpOK­

OnH'IeCKff nOJlHO aHH30TpOnHI>1X KpyrJll>lX IIHJlHH,L\Pff'lecKHX OOOJlO'leK, nO,L\BCp:lKeHHI>IX ,L\dlcTBHIO HeO,LlHOpO­

,LIHOrO ropH30HTaJll>HOro npC,L\BapffTeJII>HOrO HanplI:lKCHHIL B aHaJlH3e Y'lHTI>IBaeTCli TaK:lKe HaflH'fHe

KpyTfffll>Horo npe,LlBapffTCI>HOVO Hanpll:lKeIlHlI. nOflY'feHHI>IC pe3YJlI>TaT!>1 npffMellHMl>1 K Ka:lK,LlOMY TffllY

npC,LIBapHTefll>HOrO llanpll:lKeHffll, KOTOpl>l« Y,LlOBJlCTBOplieT YCflOBHlIM )],HpHXfle D.Jlll plI,LIOB eJJYPI>C. )],aJlee,

llOJII>3YlICI> clloco60M npe,LlCTaBJlCIlHl>lM B pa60Te Ha OCHOBe MeTOlla KaJlI>H1iHCa, MO:lKHO nOJIY'IHTI>

nO,llOOHble pe3YflbTaTbJ, )l.Jlll OOWHX 060flO'feK BpaU\eHHll.


